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We extend the path-integral formulation of Poisson-Lie duality
given in [3] to N = 1 supersymmetric -models. Using an explicit
representation of the generators of the Drinfel’d double corresponding
to G⊗U(1)dimG we discuss an application to non-abelian duality. The






Poisson-Lie (PL) duality [1] extends the notion of duality of -models to
target spaces without isometries, replacing the isometry condition by the
weaker PL condition. It includes ordinary abelian as well as non-abelian
duality. After its construction two obvious extensions seemed desirable: a
quantum formulation and an application to supersymmetric models.
The quantum setting has been treated in [2, 3, 4], of which the most
relevant reference for our discussion is the path-integral treatment in [3].
Supersymmetric extensions have been discussed in [5, 6, 7, 8, 9].
In the present article we give an extension of the path-integral treatment
of PL duality to N = 1 supersymmetric non-linear -models. We further
comment on some questions of general relevance to PL duality, namely we
give an explicit realization of the generators of the Drinfel’d double for non-
abelian duality and we look for possible roles in PL duality for the extended
currents that result when the Lie derivative of the background antisymmetric
tensor eld b satises Lb = d! [10]. We also discuss the relation between
N = 1 supersymmetric PL duality and non-abelian duality at the level of ac-
tions. To make the presentation more readable we have included background
material on isometries, actions on group manifolds, non-abelian duality and
PL duality. An introduction on duality which may serve as further back-
ground is found in [11, 12].
The outline of the paper is the following. We start by giving some back-
ground material on isometries and actions on group manifolds. Then in sect.3
we give the basics of non-abelian duality. In sect.4 we give a short summary
of PL duality including the Drinfel’d double and the path-integral derivation
of Tyurin and von Unge [3]. In sect.5 we generalize this path-integral to
N = 1 supersymmetry. The non-abelian limit of the N = 1 is presented
in sect.6 in where we explicitly construct a set of generators spanning the
Drinfel’d double G⊗ U(1)dimG, where G must be a compact group. We also
nd the gauge xed action in the non-abelian limit. In two appendices we
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discuss a modied current as well as WZW models in the PL setting.
2 Actions and isometries
A string propagating in a curved background with metric gij, NS antisym-
metric tensor eld bij and dilaton , has a bosonic part given by the -model
action









where xi (i = 1; : : : ; dimT ) are the coordinates on the target space T (space-
time), hmn is the auxiliary world-sheet metric, and R
(2) the corresponding
curvature. With application to strings in mind we thus study the -model










which is (1) in conformal gauge, light-cone coordinates  = 1
2
( + ) and
 = 1
2
( − ) and with the dilaton eld  set to zero (later we comment
briefly on non-zero ).
We shall be interested in the case when (some of) the xi’s are acted on
by a Lie-group G with Lie-algbra G generated by ftag
[ta; tb] = f
c
ab tc: (3)





where the correspondence is via the left and right invariant forms on G
L = g−1dg = taLaidx
i; R = dgg−1 = taRaidx
i: (5)
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The coordinates xi parametrize the group manifold M, the group action is







For the special case of interest for strings when (1) corresponds to a WZW -




















and ab = Tr(tatb) the Cartan-Killing metric. Further, the torsion is in this




























where we assume conditions such that the last integral is well-dened [13].
As a rst example of a group G we consider (generalized) isometries of
the -model (2). We thus take the right-invariant forms (say) to be Killing
vectors Ria = k
i
a and the algebra is [ka; kb] = f
c
ab kc. The action (2) or (8) is
now invariant under the group action (6), xi = akia, due to the generalized
isometry conditions
Lkagij = 0; LkaHijk = 0: (11)
The latter of these is equivalent to [10]
Lkabij = @[i!j]a; (12)
for some one-forms !ia. Note that bij is dened only up to (spacetime)
gauge transformations bij ! bij + @[ij], where j are the components of
some one-form . Under this gauge transformation the !ai transform as
!ai ! !ai + Lkai.
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This integral vanishes (up to a surface term) if kiaHijk = @[jvk]a [13], where
via is a component of a 1-form. This is again satised under (11) and (12).
In general the Noether currents corresponding to the symmetries gener-





i; ^Ja = k
i
afij
@xj − !ai @xi: (14)
The equation of motion state that this current is conserved
@ ^Ja + @J^a = 0: (15)
3 Non-abelian dualization
When a -model has generalized isometries as described above it may be
dualized [12, 14]. In this section we give a brief description of this non-
abelian dualization. First the elds xi in (2) are separated into those acted













xiˆ = a(; )kiˆa(x
jˆ ; xα) (17)
is gauged. The gauging of the symmetric part of the action (16) by minimal
coupling is straight forward, but to gauge the antisymmetric part by minimal
coupling the torsion potential must be well-dened and Lie-invariant (i.e.
Lkabij = 0) [13]. Letting @xiˆ ! @xiˆ + AaLiˆa and @xiˆ ! @xiˆ + AaLiˆa gives
the gauged version of (16). A rst order action is found by xing a gauge
(@xiˆ = @xiˆ = 0), and adding a term including Lagrange multipliers





b + AaF Raβ
@xβ + @xαF Lαb A





















are Lagrange multipliers that take values in the Lie-algebra G and transforms
in the adjoint representation. The eld strength is fa = @ Aa− @Aa +fabcAb Ac
where the gauge-elds Aa, Aa take values in the Lie algebra of the isometry
group.
Varying the rst-order action w.r.t. a one obtains, at least locally, A
a =
(g−1@g)a, Aa = (g−1 @g)a. So modulo global issues [12] the rst order action
goes into the original one when substituting this solution. If one instead
integrates out the gauge elds Aa, Aa one should get the \dual" action.
However, the symmetry of the background that is used in the abelian case
to dualize back to the original action is non-local in the non-abelian case.
Dualization of this non-local symmetry does not recover the original action
[12].
In the abelian case where kia commute the original fij and dual
~fij back-
grounds are related via the Buscher transformation [15]
~fiˆjˆ = (f




~fαjˆ = −fαiˆ(f−1)iˆ jˆ; ~fαβ = fαβ − fαiˆ(f−1)iˆjˆfjˆβ: (19)
The transformation maps manifolds without torsion (fiˆβ = fβiˆ) on to mani-
folds with torsion ( ~fiˆβ = − ~fβiˆ).
4 Poisson-Lie duality
A more general and useful scheme for nding dual actions, not based on the
existence of generalized isometries, is the PL duality [1] where the isometry
is replaced with a weaker condition. This duality is most easily discussed in










Since LRafij 6= 0 these transformations are no-longer a symmetry of the




and the eld equations
@ Ja + @Ja − LRafij@xi @xj = 0; (22)
no-longer look like Bianchi identities. However, Klimcik and Severa [1] in-
troduced the following generalization of the isometry condition for the back-
ground
LRafiˆjˆ = −fiˆkˆRkˆb ~f bca Rlˆcflˆjˆ ; (23)
which turns (22) into
@ Ja + @Ja + Jb ~f
bc
a
Jc = 0: (24)
Here ~fabc are structure constants in a dual Lie algebra, and Klimcik and
Severa went on to show that the condition (22) can be solved and the dual
model found provided that the Lie algebra G and its dual ~G form what is
called a Drinfel’d double [16, 17, 18] which we now briefly decribe.
Let G and ~G be symmetry groups of the original -model and the dual
one, respectively, with dimG = dim ~G. The corresponding Lie algebras are G
and ~G. Then the Drinfel’d double D  G⊗ ~G and comes equipped with an
invariant inner product h ; i and the corresponding algebra D consists of the
two subalgebras G and ~G that are null-spaces w.r.t. this product. We choose
two sets of generators fTag and fT ag so that fTag span G and fT ag span ~G.
The set TA 2 fTa; T bg then span D. The Lie algebra of the Drinfel’d double
generated by Ta and T
a (a = 1; : : : ; dimG), is
[Ta; Tb] = f
c
abTc;
[T a; T b] = ~fabc T
c;
[Ta; T
b] = ~f bca Tc − f bacT c; (25)
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where f cab and
~fabc are the structure constants of G and ~G, respectively, and








da − ~fasd f rca − ~f rad f sca: (26)
This condition arises in the PL duality context as the condition [Lka;Lkb] =
f cab Lkc applied to (23). The invariant inner product between the generators
has the following properties
hTa; Tbi = hT a; T bi = 0; hTa; T bi =  ba (27)
and obeys the invariance condition
hXTAX−1; TBi = hTA;X−1TBXi; (28)
where X is any element of the Drinfel’d double or one of its subgroups.
We dene,
ab(g) = hgT ag−1; T bi; ab(g) = hgT ag−1; Tbi;
 ab (~g) = h~gTb~g−1; T ai; ab(~g) = h~gTa~g−1; Tbi (29)
which obey (g−1) = t(g), (g−1) = −1(g), (~g−1) = −1(~g) and (~g−1) =
t(~g) where t stands for transpose.







as in (7) the solution is
Eab = ((E
0)−1 + )−1ab ; 
ab = ac bc : (30)
Similarly, in the dual theory one has relations corresponding to (23) and (24)
and
~Eab = [(E0 + ~)−1]ab; ~ab = accb: (31)
The abelian and non-abelian dualities described previously are special cases
of the more general PL duality. In the non-abelian case we have ab = 0,
ab = 
a
b and ab = f
c




~Eab = [(E0 + f c~xc)
−1]ab.
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As described above PL duality acts at the classical level. An impor-
tant step towards the quantum implementation was taken in [3], where it
was shown how PL duality can be derived from a constrained WZW -model
dened on the Drinfel’d double D, starting from the path-integral
Z =
∫
DlDx[hl−1@l; T aiE0ab + @xαF Lαb − hl−1@l; Tbi]e−I[l,x]; (32)
where
I[l; x] = I[l] +
∫
d2[hl−1@l; T aiF Raα @xα + @xαf^αβ @xβ ]; (33)
and l 2 D. It should be stressed that f^αβ is generally not equal to fαβ






d3yhl−1@tl; [l−1@l; l−1 @l]i: (34)






I[l; x; c] = I[l; x] +
∫
d2[hl−1@l; T aiE0ab + @xαF Lαb − hl−1@l; Tbi]cb (36)
by integrating out the Lagrange multiplier cb (We use (36) in section 6 where
we study the N = 1 supersymmetric generalization of non-abelian duality).
The dualization process goes as follows. The original action is recovered
when the group element l in (32) is decomposed as l = ~hg. This makes the
left-invariant Haar measure split intoD(~hg) = D~hDg det(−1), where   ab
is dened in eq.(29). By letting Tr ! h ; i in the Polyakov-Wiegmann
formula [19]





1In [3] this is not clear.
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and using the inner product dened in (27) the two rst terms of I[~hg],
namely I[~h] and I[g], are zero. Integrating out ~h from the remaining part of
I[~hg] gives back the original action (16). When we decompose l as l = h~g
and integrate out h we obtain the dual action.
This procedure gives non-trivial Jacobians that must be regularized in
the quantum theory. Using heat kernel regularization, it was shown in [3]
that as a result the dilaton in both the original and the dual theory gets an
extra shift. In the original theory the shift is
 = 0 + ln det E(g; xα)− ln det E0(xα) (38)
while in the dual theory it transforms as
~ = 0 + ln det ~E(~g; xα): (39)
In the non-abelian limit when E(g; xα) = E0(xα) we see that we have the
usual transformation law between  and ~, namely
~ =  + ln det ~E(~g; xα); (40)
where ~Eab = [(E0 + f c~xc)
−1]ab.
5 N = 1 Supersymmetric Poisson-Lie Duality
In this section we present PL duality in a supersymmetric setting. For (1; 0)
and (1; 1) supersymmetry this is discussed at the classical level in [7]. The
path-integral formulation is new.
The presence of one supersymmetry on the world-sheet introduces addi-
tional spinors that transform under the action of the Drinfel’d double but
otherwise changes very little. This is similar to the non-abelian duality,
where the gauging of isometries needed follow essentially the bosonic pattern
for N = 1 [20]. Hence, the presentation of the basics of the Drinfel’d double
given above can be taken over to the N = 1 case. However the elements
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of the Drinfel’d double D and its subgroups G and ~G are now real N = 1
superelds.








j − Bij(X)DAX i(γD)AXj
]
; (41)
where A; B are spinor indices, Gij and Bij are the metric and the torsion
potential, respectively, and X i (i = 1; : : : ; dimT ) are real scalar superelds.
The -independent components of X i is xi. The -independent components
of Gij and Bij are gij and bij , respectively. For our discussion it is convenient

















where Fij = Gij + Bij and i = (^i; ).
Again we want to study the case when the xiˆ transform under some group
G, and thus study the -model on some group manifold M. The elds are
N = 1 real scalar group-valued supereld, U 2 G, whose -independent
part is g, and the spectators Xα which are N = 1 real superelds. The












To make contact between (42) and (43) we follow the same route as in the
bosonic case. The superelds X iˆ in (42) are thus taken to transform under
G and are related to U via left invariant one-form U−1DU = TaLaiˆDX
iˆ.
Varying the action under
X iˆ = a(; ; )Riˆa(X
jˆ ; Xα) (44)
2We write the algebra as fDA; DBg = 2i@AB; @AB = (γm)AB@m, where (γm) BA =
(2;−i1). We further define (γ) BA = 3 and we raise and lower indices using CAB =
−CAB = 2.
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LRaFijD+X iD−Xj = 0; (45)
where the \currents"
Ja+ = −(D+X iˆFiˆjˆ+D+XαFαjˆ)Rjˆa; Ja− = Riˆa(FiˆjˆD−X jˆ+FiˆβD−Xβ); (46)
are Noether currents when Riˆa generates an isometry. For these currents to
satisfy a Maurer-Cartan equation we again introduce a PL condition. The
supersymmetric version of the Maurer-Cartan equation (24) is
D(+Ja−) − Jb+ ~f bca Jc− = 0; (47)
and the PL condition for the background that ensures that (45) is equivalent
to (47) are
LRaFiˆjˆ = −FiˆkˆRkˆb ~f bca RlˆcFlˆjˆ ; LRaFiˆβ = −FiˆkˆRkˆb ~f bca RlˆcFlˆβ;
LRaFαjˆ = −FαkˆRkˆb ~f bca RlˆcFlˆjˆ ; LRaFαβ = −FαjˆRjˆb ~f bca RlˆcFlˆβ ; (48)
which is the supersymmetric version of (23).
Now we want to extend the analysis given in [3] to N = 1 supersymmetry.
A direct generalization of (32) to N = 1 supersymmetry is the following
constrained N = 1 functional
Z =
∫
DLDX[hL−1D+L; T aiE0ab+D+XαF Lαb−hL−1D+L; Tbi] exp(−I[L; X]);
(49)
where the action








and where I[L] is an N = 1 WZW model on the Drinfel’d double. Here E0ab,
FLαb, F
R
aβ and F^αβ depend on the spectator superelds X
α.
The element L 2 D in (49) can be decomposed near the identity in two
ways; L = ~V U = V ~U , where U 2 G and ~V 2 ~G. To derive the original action
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we decompose L as ~V U . After integrating out ~V via a change of variables



















Fαβ = F^αβ + F
L
αa((E
0)−1E(E0)−1 − (E0)−1)abF Rbβ: (51)
The dual theory is found by decomposing L as V ~U . When we integrate out
V again by changing variables we nd the background





~F jˆα = −F Lαa ~Eab ~Ljˆb;
~Fαβ = F^αβ − F Lαa ~EabF Rbβ : (52)
The generalized Buscher transformation are
~E−1 −  = (E−1 + )−1 = E0(xα);
~E−1 ~FR = E0E−1FR = F R;
− ~FL ~E−1 = FLE−1E0 = F L;
~F − ~FL ~E−1 ~FR = F + FL(E−1E0E−1 − E−1)FR = F^ ; (53)
where FLαb  FαjˆLjˆb, FRaβ  L iˆa Fiˆβ, ~FLbα  ~F jˆα ~L bjˆ and ~FRaβ  ~Laiˆ ~F iˆβ. The
bosonic version of these generalized Buscher transformation was given in this
form in [3] and, earlier in a dierent form in [1]. In the abelian case where
 =  = 0 a combination of eq.(51) and (52) gives eq.(19).
We end this section by showing how the N = 1 dilaton supereld 
transforms under PL duality. Since the transformation of  is analogous to
the transformation of the bosonic component  given in eqs.(38)-(39) we just
give the transformation law for the fermionic component
 = 0 + MU j − (Mαj −Nαj)α;
~ = 0 + ~MU˜ j~ + ~Mαjα (54)
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and the auxiliary eld
W = W 0 + iMUU j−+ + MU jY + iMαU jα[−+]
+i(Mαβ j −Nαβj)α−β+ −NαT α;
~W = W 0 + i ~MU˜ U˜ j~−~+ + i ~MαU˜ jα[−~+] + i ~Mαβ jα−β+
+ ~MU˜ j ~Y + ~MαjT α: (55)
Here we have dened M(U; Xα) = ln det E(U; Xα), N(Xα) = ln det E0(Xα)
and MU means the derivative of M w.r.t. U and Nα means the derivative of N
w.r.t. the spectator eld Xα and j means \the -independent component of".
The component elds are dened as follows:  = DU j, Y = D2U j,  =
Dj, W = D2j, α = DXαj and T α = D2Xαj. The dual components
are dened similarly.
6 N = 1 non-abelian duality
In this section we give an explicit representation of the generators of the
Drinfel’d double relevant for non-abelian duality. We also discuss non-abelian
duality for N = 1 supersymmetric models in the PL path-integral setting,
extending the bosonic analysis [3].
In the PL setting non-abelian duality corresponds to the dual group ~G be-
ing abelian [1]. Correspondingly we choose a Drinfel’d double G⊗U(1)dimG,
where fTag span G and fT ag span ~G = ∑dimG1 u(1); (a = 1; : : : ; dimG) and
the two sets of generators satisfy the algebra (ref. eq.25)
[Ta; Tb] = f
c
abTc; [T
a; T b] = 0; [Ta; T
b] = −f bacT c: (56)















where ta 2 G satisfy the algebra [ta; tb] = f cab tc and Tr(tatb) = ab. Con-
sistency requires that the structure constants are completely antisymmetric.
Thus this representation is possible only when the group G is compact.
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Let X and Y be two 2  2 block matrices where each block is a r  r
matrix. We dene the inner product (27) as
hX; Y i = Tr[XY ]12; (58)
where [ ]12 stands for the one-two block of the product XY . Since ~f
ab
c = 0,
the bi-Lie algebra consistency condition (26) is trivial fullled.
Writing the group element of G as exp(XaTa) (and a similar parametriza-















where 1 is the r  r identity matrix and u = exp(Xata) 2 G. Moreover we
nd









~U) =  ba (
~U−1) = ab; ab( ~U) = −ab( ~U−1) = ~Xcf bca = f cab ~Xc(60)




~Eab(~u) = [(E0 + f c ~Xc)
−1]ab; (61)
where f c ~Xc  f cab ~Xc. The N = 1 non-abelian Buscher transformation can
be found from eq.(53) by setting E = E0,  = 0 and  = 1.
We now turn to a comparison to the usual non-abelian duality formula-
tion. A N = 1 supersymmetric generalizing of (36), (for simplicity we will
set the spectators to zero in this section) is




hL−1D+L; T aiE0ab − hL−1D+L; Tbi
]
Cb−; (62)
where Cb− is a Lagrange multiplier. From (62) we may recover the N = 1
formulation of the traditional non-abelian duality in the form it has after
gauge-xing the coordinates on G to zero. Decomposing L = V ~U 2 D,
V 2 G, ~U 2 ~G, the action becomes











where A+  V −1D+V and ~J  ~U−1D ~U . After using eq.(60), and using
the abelian current ~Ja = D ~Xa, the action (63) may be written
I[A+; C−; ~Xa] = i
∫
d2d2[(Aa+)D− ~Xa − (D+ ~Xa)Ca− + Aa+(E0ab + f cab ~Xc)Cb−]:(64)
This is the rst order action (up to a total derivative) one usually starts with
to obtain the dual model in the N = 1 non-abelian duality. The action (64)





− as we remember was from the beginning a Lagrange
multiplier. The \new" Lagrange multiplier is ~Xa [3]. Note that in the abelian
limit the terms involving the Lagrange multiplier
i
∫




where F a = D−Aa+ + D+C
a
−. This is exactly the correct term one needs
to be sure to get back the original action when the Lagrange multiplier is
integrated out [11, 12].










− = 0: (66)
This is the condition that may be solved to give back the original model.
7 Discussion
In this paper we have presented a path integral formulation of N = 1 su-
persymmetric PL duality. We have shown that it arises as a straightforward
generalization of the treatment of the bosonic case. In this context we have
also given an explicit representation of the generators of the Drinfel’d double
bi-algebra corresponding to the group GU(1)dimG relevant for non-abelian
dualization, and used it to elucidate the relation between the actions describ-
ing PL duality and the parent action in non-abelian N = 1 supersymmetric
duality.
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With applications to the N = 2 supersymmetric case in mind, we have
also touched upon WZW models. In particular, in Appendix B we show how
the treatment of the WZW model in [12] yields a formulation open also to
PL duality.
The N = 2 supersymmetric case presents considerable diculty, however.
This is due to the severe constraints on the target manifold that such -
models imply [21]. Our best approach so far to this problem is via an N = 1
superspace formulation where we may make use of the results in the present
paper. Several questions such as the transformations of the complex and
direct product structures under PL duality remain open however, and we
have not found a complete characterization of the duality as yet. We hope
to return to the question in a later publication.
The question of whether a PL type duality can be based on the extended
currents that result when the Lie derivative of the background antisymmetric
tensor eld b satises Lb = d! may seem natural at a rst encounter with
PL duality. In Appendix A we discussed this question a little and found
that under certain very special circumstances this can indeed be done. The
answer is still essentially negative, though, high-lighting the special status of
PL duality.
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A A Modified Current and Poisson-Lie
Duality
In this appendix we discuss some aspects of PL duality with modied cur-
rents.
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Instead of isometries ka that also preserve the b eld Lkabij = 0, we here
turn to the case discussed in section 2: isometries that satisfy Lkabij = @[i!j]a,
(12). The question we address is whether it is possible to nd a Maurer-
Cartan equation as in (24), but for currents corresponding to (14) rather
than (20).
We rst note the following way of writing the Lie derivative of the b eld:
Lkabij = kkaHijk − @[i(kkabj]k): (67)
This shows that when ka represent an invariance of the action and thus
kkaHijk = @[ivj]a (see below (13)), we may set
!ia = via − kkabik; (68)
This ensures integrability, i.e., [Lka ;Lkb]bij = f cabLkcbij .
We now turn to the general case and replace kia ! Ria as before. With
this replacement (67) is still valid, but the action is no-longer taken to be
invariant. We further assume that the b-eld may be split according to
bij = b^ij + b
0
ij ; (69)
where LRab0ij = @[i!0j]a, i.e., where the eld strength H0ijk of b0ij is preserved
by Ria.
The eld equations (22) that result from the action (21) may then be
rewritten as
@ ^Ja + @J^a −LRa f^ij@xi @xj = 0; (70)









afij − !0ja)@xj ; (71)
and
f^ij = fij − b0ij : (72)
In the general case we have found no modication of the PL condition sat-
isfying the integrability conditions, which can turn the equation (70) into a
Maurer-Cartan equation. Below we remark on a few special cases.
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The rst (trivial) case we consider is when !0ia = 0. The currents are then
unmodied J^a = Ja and the PL condition is also unmodied
LRa f^ij = LRafij = −fikRkb ~f bca Rlcflj: (73)
PL duality thus allows for a part of the b-eld to be preserved by the Lie-
derivative.
Second, we assume that v0ia in (68) may be gauged to zero using the b





and this eliminates all dependence on b0ij in J^ ,
^J and in f^ . If we then modify
the PL condition to read
LRa f^ij = −f^ikRkb ~f bca Rlcf^lj ; (74)
we nd the Maurer-Cartan equations for the hatted currents:
@ ^Ja + @J^a + J^b ~f
bc
a
^J c = 0: (75)
(Integrability of (74) is ensured as before when G and ~G form a bi-Lie-algebra
as in (26)). We see that we may indeed use the currents J^ and ^J as a starting
point for PL dualization in this case.
Finally we consider the case when v0ia = R
k
agik in (68). When Ra generate
isometries and this relation holds for the whole b-eld, the symmetry algebra
is an innite dimensional Kac-Moody algebra [13] and the currents reduce
to one chiral current [10]. This latter fact results even if we do not assume








2gij + (b− b0)ij
)
Rja;
^Ja = −(b− b0)ijRja @xi: (76)
Clearly Ja = 2gij@x
iRja and
Ja vanishes when bij = b
0
ij . In this case the
PL condition applied to fij will lead to a PL dual model (expressed in J; J ,
whereas f^ij = gij implies that the modied condition (74) vanishes (thus it
only holds if we do have an isometry).
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B A comment on WZW-models and Poisson-
Lie Duality
The WZW model on G given in eq.(8) is not on the form used as starting
point in the PL dualization scheme, because it is not on the form (4). It






















to be satised. This leads to diculties, at least for PL formulation of non-
abelian duality (without spectators) where the Eab’s must be constants.
In [12] when discussing non-abelian duality the following treatment of
the WZW-model was given. Here we show how to adopt it for PL duality.
Consider the WZW -model on GG. The action is written [12]
SGkGk [g1; g2] = SGk [g1] + SGk [g2]; (79)
where SGk [g] = (k=2)S[g]; here S[g] is dened in eq.(8). Next we dene two
new variables
g  g1; x  g2g1: (80)
The element x is inert under the (gauge) transformation g1 ! u−1g1, g2 !
g2u. Using the Polyakov-Wiegmann formula







and that the WZW term satises Γ[g−1] = −Γ[g] we rewrite the action
SGkGk as




d2Tr(g−1@gg−1 @g − x−1@xg−1 @g) + SGk [x]; (82)
20
where SGk [x] is an ordinary -model on a manifold with background fαβ(x).
The action (82) can be compared with the original action found by integrat-
ing out the Lagrange multipliers a of the action (18). Remembering the
correspondence x−1@x = taLaα@x
α we see that Eab  LiˆafiˆjˆLjˆb = k2piTr(tatb),
FLαb = − k2piL aα Tr(tatb), F Raβ = 0.
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